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Transition Correlation in Subsonic
Flow over a Flat Plate

J. A. Masad* and M. R. Malikt
High Technology Corporation,
Hampton, Virginia 23666

HE need to predict transition location in flow over aero-

dynamic surfaces under different flow conditions is be-
coming increasingly important. The location of transition on
an aerodynamic surface has a significant effect on the amount
of drag force. Therefore, an estimate of the transition location
on aerodynamic surfaces is critical for the design of such
surfaces. Although the transition process in a two-dimensional
flow over a flat plate is different in many aspects than that for
a three-dimensional flow (such as a flow over a swept wing),
many theoretical and experimental studies have been per-
formed to understand the receptivity, stability, and transition
mechanism for two-dimensional flow over a flat plate.

The most common approach for estimating the location of
transition onset in flow over a flat plate is the theoretical-em-
pirical e approach proposed by Smith and Gamberoni' (see
also Jaffe et al.?). In this approach, transition is assumed to
occur when the integrated disturbance growth reaches a cer-
tain value. Although the disturbance growth rates are com-
puted with linear stability theory, the integration of the
growth rates (called the N factor) is empirically correlated with
transition. This correlation is based on available experimental
data. For low-speed flow over a flat plate, transition occurs
when the N factor reaches a value close to 9. Note that the N
factor approach does not account for nonlinear effects, sec-
ondary parametric-excitation instabilities, spectral structure,
level of initial and freestream disturbances, or any wave-wave
interactions.

In this Note, we consider a two-dimensional subsonic flow
over a flat plate with a freestream Mach number M., up to 0.8.
The flow can experience continuous uniform suction (with
constant suction velocity) through the wall, and the wall can
be heated or cooled continuously with a fixed wall tempera-
ture. For a specific combination of freestream Mach number,
suction velocity, and level of heat transfer, the mean-flow
problem is solved and linear stability calculations are per-
formed to compute the location on the flat plate where the N
factor reaches 9. These calculations are repeated for several
combinations of flow parameters, and the theoretically pre-
dicted transition location is presented in the form of a correla-
tion that can account for the effect of wall suction, heat
transfer, and Mach number.

The continuous, uniform nondimensional suction velocity is
denoted by v,, such that v, = v /UZ, where v} is the dimen-
sional suction velocity and UZ is the dimensional freestream
velocity. The actual nondimensional wall temperature is de-
noted by 7,,, and the adiabatic nondimensional wall tempera-
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ture is denoted by T,,. Both T, and T,; are made nondimen-
sional with respect to the dimensional freestream temperature
T¥suchthat T,, = T%/Tkand T,; = T,/ TZ. In specifying the
level of heat transfer, the ratio T,,/T,, of the wall temperature
to the adiabatic wall temperature is specified. When 7,,/7,, is
less than unity, the plate is cooled; when it is larger than unity,
the plate is heated. When T,,/T,, = 1, the plate is adiabatic.
An approximate, but rather accurate, formula for the varia-
tion of T,, with M., is given by (see Schlichting?)

T =1+ (y— 1)/2vPrM? 60
where Pr is the Prandtl number and v is the ratio of specific
heats that is assumed to be constant and equal to 1.4. When
Eq. (1) is used to calculate T,,, the error increases as M,
increases. For Pr = (.72, the percentage error with Eq. (1)
varies from 0% at M., = 0 to 0.016% at M,, = 1. The applica-
tion of suction has virtually no effect on the accuracy of Eq.
(1). In the mean flow and the stability calculations, the specific
heat at constant pressure Cj is constant; the variation of
dynamic viscosity with temperature is given by the Sutherland
formula; and the freestream Prandtl number Pr = pdcy/ kb is
constant and equal to 0.72, where p is the freestream dimen-
sional dynamic viscosity and «J is the freestream dimensional
thermal conductivity. The freestream temperature is fixed at
300 K. The dimensional freestream kinematic viscosity is de-
noted by »% such that »% = pu%/p%, where pZ is the dimensional
freestream density. The nondimensional frequency F is given
by 2xf *vE/U*2, where f*is the dimensional frequency (in Hz)
of the disturbance. Because F is proportional to /¥, it remains
constant following the same wave as it is convected down-
stream. The local Reynolds number Re, is given by
Re, = UZx*/v%, where x* is the dimensional distance from
the leading edge to the location where the'stability calculations
are performed. The freestream Reynolds number Re =
UZXL*/v¥ is related to Re, through Re, = xRe, where x = x*/
L*and L*is a constant length scale. The disturbances consid-
ered in this work are two dimensional because, as shown by
Mack,* two-dimensional waves are the most amplified waves
in subsonic flow with a freestream Mach number up to ap-
proximately 0.8. An assumption is made that suction and wall
heat transfer do not effect this behavior. The nonsimilar mean
flow and the compressible linear stability equations are avail-
able in many references (e.g., Mack®).

The combination of the freestream Mach number M, the
uniform suction velocity v,,, and the ratio of actual wall
temperature to adiabatic wall temperature 7,,/T,; considered
in this study is within certain bounds. The freestream Mach
number M, varies from 0 to 0.8, v, varies from 0 to
—2x 1073, and T,/T,; varies from 0.95 to 1.05. Over 80
combinations were chosen for this study. For each combina-
tion, the mean-flow problem was solved and the stability
calculations were then performed at a fixed value of F to
determine the location Re, where the N factor reached a value
of 9. Then F'was varied, and the new location at which the N
factor reached the value 9 was determined, and so on. The
value of F that resulted in the smallest value of Re, at N =9
was considered to be the frequency responsible for transition;
and the corresponding location was considered as the pre-
dicted transition location, and its Reynolds number was de-
noted by (Re,)ny-o. The frequency F was varied in steps of
1x10-¢8,
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The frequency responsible for transition was found to de-
crease as the predicted transition location moved downstream
(Fig. 1). The downstream movement of the predicted transi-
tion location results from an increase in M,,, an increase in the
suction velocity, or a decrease in 7,/ T, to cool the surface. At
M,=0, v,=0, and 7,,/T,; = 1, the frequency responsible
for transition is equal to 26 X 10~ (the corresponding value at
M, =0.8is 15x10-%. An increase in cooling, suction, or
M, can take the frequency responsible for transition in the
considered combinations down to F = 10 x 10~¢, whereas a
decrease in cooling (or an increase in heating) in the consid-
ered combinations can take the frequency responsible for tran-
sition up to 30X 106, The frequency F correlates with
(Rey)n-o as

(Rey)n_o = 254T : 2)
where
108
I'=1700 + (FX—IO6)1—3; 3)

A plot of the variation of the calculated and correlated
(Rey)n -9 with Fis shown in Fig. 1. In general, the agreement
is good. To correlate (Rey )y -9 With M, v, and T,,/T,4, we
considered a correlation of the form

(Rey)n-9 = a’A? (4a)
A= AAA, (4b)
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Fig. 1 Variation of predicted transition location with frequency pre-
dicted to be responsible for transition.
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Fig.2 Variation of predicted transition location with Mach number,
suction, and heat-transfer parameter.
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Fig.3 Variation of predicted transition location with 7,/7,; at
v =0.
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Fig. 4 Variation of predicted transition location with v, at T}/
Tog =1.

where
A=+ M2+ asM (5)
Ay =b; + 1081 v, 192 + by108] v, 104 6)
Ay =1+ (Toa/ T,)2 + ex(Toa / T )

This form is consistent with the stabilizing effects of increas-
ing the Mach number, suction, and cooling level. The con-
stants «, «;, b;, and ¢; were obtained by minimizing both the
average percentage difference and the maximum percentage
difference between the directly computed and correlated
(Re,)n-9. These constants are equal to

a=0.0183, «a;=4.1, =35 «o3=141, «,;=1.83
by =1310, b,=1.28, b;=0.082, b,=1.0
=179, =58 «¢=91, ¢=59

The variation of the directly computed (Re, )y - and the cor-
related (Re, )y - o with A2 is shown in Fig. 2. The agreement is
very good. The average percentage difference between the
directly computed (Re,)v-o and the correlated (Re )y is
2.5%, and the maximum percentage difference is 8.8%. In
Fig. 2a, (Rey)n - o varies from about 2.5 million to 9.5 million.

The correlation of (Re, )n-o with T,,/T,, at two values of
the freestream Mach number and v,, = 0 is shown in Fig. 3 in
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addition to 16 points from the actual calculations. The dashed
lines and filled circles in the figure indicate conditions outside
the range of data used to obtain the correlation. However, the
agreement between the correlation and actual calculations at
these conditions is very good. In Fig. 4, we show the correla-
tion of (Re, )y - ¢ With v,, at two values of the freestream Mach
number and 7,,/T,; = 1 with 8 points from the actual calcula-
tions. The agreement between the actual calculation and the
correlation at v,, = — 3 X 1079 (which is outside the range of
data used to obtain the correlation) is satisfactory.

Mack’ correlated low-speed experimental transition data
with wind-tunnel turbulence level and suggested the N factor
correlation

Nr=-843-2.4 tTu ®)

where Tu is the turbulence level.

Bushnell et al.b reported some experimental evidence that
suggests the previous correlation (8) can be used even at higher
subsonic Mach numbers. Hence, Egs. (4) and (8) together can
be used to estimate the effect of suction, wall heat transfer,
and freestream turbulence on transition location, whereby,
with N =9 as the reference case, Eq. (8) can provide informa-
tion about the forward movement of transition caused by
freestream turbulence.
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Application of a Generalized Minimal
Residual Method to Two-Dimensional
Unsteady Flows
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Introduction

URING the past two decades, there has been significant
progress in the field of numerical simulation of unsteady com-
pressible flowfields (e.g., transonic full potential equation-based
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methods, unsteady Euler solvers, and unsteady Navier-Stokes solv-
ers). Despite the advances in algorithms and computer hardware,
the numerical simulation of unsteady viscous flows remains a com-
putationally intensive problem, even in two dimensions. Because
of the excessive CPU requirements of the existing unsteady viscous
flow solvers, dramatic improvements in algorithms and/or com-
puter architecture are necessary before unsteady viscous flow anal-
yses become practical day-to-day tools.

One scheme that has been of recent interest is the generalized
minimal residual (GMRES) method originally proposed by Saad
and Schultz.! This procedure uses a conjugate-gradient-like
method to accelerate the convergence of existing solvers and was
used by Wigton et al.? to accelerate computational fluid dynamics
codes to steady solutions. In this work, the GMRES scheme has
been considered as a candidate for acceleration of a Newton-itera-
tive time-marching scheme for unsteady two-dimensional com-
pressible viscous flow calculations. GMRES has provided signifi-
cant reductions in the computer time requirements over the
existing class of explicit and implicit time marching schemes.

Numerical Formulation

The starting point for the GMRES method is an existing flow
solver, which is used as a preconditioner for the flow equations. A
Newton iterative time marching scheme that solves the two-
dimensional compressible Navier-Stokes equations in a curvilinear
body-fitted coordinate system has been used as a preconditioner.?
The solver employs approximate factorization of the spatial invis-
cid flux terms, and uses the Baldwin-Lomax turbulence model.

Given a known flowfield at the nth time level, the Newton itera-
tive solver takes an initial guess for the flowfield at the next time
level (n+ 1), and iterates in order to improve the answer at the new
time level. The advantage of the Newton iteration in this applica-
tion is that the errors associated with the approximate factorization
can be reduced or removed.

The Newton iterative solver may be written as

[A]n+1,k{Aq}n+l,k+l — {R}n+l,k (1)

where n+1 and k are the time level and iteration level, respec-
tively, A is the preconditioning matrix, Ag is the correction vector
for the flow quantities, and R is the residual of the discretized
equation at the last iteration level.

Generalized Minimal Residual Formulation
The Newton iterative solver may also be written as

M(qn+l’k) - {Aq}n+1,k+1 — [A]—I{R}n+1,k= 0 (2)

When Eq. (2) is satisfied, the flowfield is converged at the new
time level n+1.

The GMRES formulation that is used in this investigation is
documented in Refs. 1 and 2. The GMRES solver uses the Newton
solver as a function evaluator and computes the vector of flow
properties g "+ ¥ that will satisfy Eq. (2).

It should be noted here that the GMRES routine uses the New-
ton iterative solver as a “black box” to determine the effect of
changing the input flow properties on the correction vector Ag.
Because of this, the GMRES solver is very portable and can be
easily implemented in a wide variety of codes regardless of the
original code’s solution procedure [as long as a residual M(g) can
be defined]. This is a major advantage of the GMRES acceleration
method over schemes that are tied closely to the details of the algo-
rithm (e.g., multigrid methods).

The GMRES solver starts by assuming that the Ag required to
set the residual given by Eq. (2) to zero lies in a vector space
defined by a set of orthogonal direction vectors. In a two-dimen-
sional flow problem, there are a total of 4*imax*kmax possible
direction vectors. The GMRES method uses the original code as a
preconditioner to the problem to define J (usually < 20) orthogonal
unit direction vectors which hopefully contain a majority of the
error components. After computing the slope of the residual in



